The Collatz conjecture, also known as 3x + 1 conjecture, can be stated in terms of the reduced Collatz function R(x) = (3x + 1)/2 m (where 2 m is the larger power of 2 that divides 3x + 1). The conjecture is: starting from any odd positive integer and repeating R(x) we eventually get to 1.
Introduction
The reduced Collatz function is defined as follows
where x is an odd positive integer and 2 m is the highest power of 2 that divides 3x + 1 (with no remainder).
Notice that m ≥ 1 (since 3x + 1 is even) and 3 does not divide R(x). Collatz conjecture is
Conjecture 1. For all odd positive integer x there exists k such that R
(k) (x) = 1.
If R (k) (x) = 1 for some k we say that x iterates to 1. If R(x) iterates to 1 then x iterates to 1. Since R(x) is not a multiple of 3 in Conjecture 1 we can consider only the set X of odd positive integers x which are not a multiple of 3, i.e. such that x mod 3 ∈ {1, 2}.
For x ∈ X let ψ(x) = x/2 n where n = log 2 x . If 1b 1 . . . b n−2 1 is the binary representation of x ∈ X then 0.1b 1 . . . b n−2 1 is the binary representation of ψ(x). By using the operator . with the meaning "value of" we can write x = 1b 1 . . . b n−2 1 and ψ(x) = 0.1b 1 
Clearly ψ(x) is one-to-one and 1/2 ≤ ψ(x) < 1. Let Y the set of all ψ(x) for x ∈ X, i.e. the set of rational numbers 1/2 ≤ y < 1 with finite binary representation y = 0.1b 1 . . . b n−2 1 and such that the odd positive integer y2 n = 1b 1 . . . b n−2 1 is not a multiple of 3, i.e. y mod (3 · 2 −n ) ∈ {2 −n , 2 −n+1 }. By using the one-to-one relation ψ(x) we can rewrite Collatz function as acting on y ∈ Y ρ(y) = ψ 3ψ
where h = log 2 (3y + 2 −n ) . Notice that 1 < 3y + 2 −n < 4 and so h = 1 or h = 2. More precisely h = 1 when 3y + 2 −n < 2 (and so ρ(y) < 3/4) and h = 2 when 3y+2 −n ≥ 2 (and so ρ(y) ≥ 3/4). Of course ρ(y) 3/4 otherwise
Moreover ρ(y) = 1/2 iff 3y + 2 −n = 2, i.e. iff y2 n = 2 n+1 −1 3
and this can only happen for odd n. For the particular case of n = 1 we have y = 1/2 and ρ(1/2) = 1/2. Function ρ(y) is illustrated in Figure 1 both for even n and for odd n.
The Collatz conjecture can be rewritten as 
Some useful lemmas
As usual we denote by q = ⌊x/y⌋ and r = x mod y the integer quotient q and the remainder r of x/y.
For irrational z > 0 and integer i ≥ 0 let x i = (iz) mod 1 the fractional part of iz and for
Let represent the elements of X k in increasing order as points on a circle C of length 1 starting from point x 0 = 0 and moving counterclockwise (see Figure  2 ). For
Proof. Adding tz to x i and x j resorts to a rotation of length tz along the circle and so the distance does not change. The rotation is counterclockwise if t ≥ 0 and clockwise if t ≤ 0.
Points X k split the circle into k arcs. Let d min (k) and d max (k) respectively the minimum and the maximum of the lengths of those arcs and let ℓ the number of arcs of maximal length and s the number of arcs of minimal length. Moreover let
The case of k = 1 is uninteresting: there is only the point x 0 = 0 and d min (1) = d max (1) = 1. So from now on we assume k > 1. Thus x k splits the arc (x 0 , x i ) of length d max (k). Moreover the length of (x k , x i ), which is the same as the length of (x k−i , x 0 ), should be d min (k) and the length of
Fact 2. Assume arcs of X k take only the two lengths d min
By Fact 1 the arcs of length d max (k) are exactly the arcs (x t , x i+t ) for t = 0, . . . , k − i − 1 for a total of ℓ = k − i arcs.
Then, for t = 1, . . . , ℓ − 1, point x k+t splits arc (x t , x i+t ) into an arc (x t , x k+t ) of the same length of arc (x 0 , x k ) and an arc (x k+t , x i+t ) of the same length of the arc (x k , x i ). 
Proof. Point 3 of Corollary 1 implies ℓ h = s h−1 + q h−1 s h and so s h
The bounds from Lemma 2 holds only for those k such that k = k h for some h. Figure 3 show d max (k) in the range k 8 ≤ k < k 9 for z = log 2 3 compared to the bounds from Lemma 3. The range k 8 ≤ k < k 9 is partitioned into q 8 = 23 segments of ℓ 8 = 655 elements each. Lemma 4. kd max (k) < 2
The next three lemmas show what happen for
Proof.
Figure 4 shows kd max (k) in the range k 8 ≤ k < k 9 for z = log 2 3, the bound 2
) from Lemma 4 and the bound q h +5+5/q h 2 from Lemma 5. 
Prefixes of seeds
For each k ≥ 0 let define the set
(Thinking in terms of binary representations we simply remove from 1/3 i the i log 2 3 − 1 leading 0's after the dot.) Take z = log 2 3 as the irrational number used to build the set X k in Section 2 and let k h = 2 + h−1 j=0 q j ℓ j .
Lemma 6. For all y ∈ Y and all ǫ > 0 there exists k and p ∈ P k such that p ≤ y < p + ǫ.
Proof. The lemma is true for 1/2 ≤ y < 1/2 + ǫ since 1/2 ∈ P k for all k.
